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Although entropy is a necessary and sufficient quantity to characterize the order of work content
for equal energetic (EE) states in the asymptotic limit, for the finite quantum systems, the relation
is not so linear and requires detail investigation. Toward this, we have considered a resource
theoretic framework taking the energy preserving operations (EPO) as free, to compare the amount of
extractable work from two different quantum states. Under EPO, majorization becomes a necessary
criterion for state transformation. It is also shown that the passive state energy is a concave function
and for EE states it becomes proportional to the ergotropy in absolute sense. Invariance of the passive
state energy under unitary action on the given state makes it an entanglement measure for the pure
bipartite states. Further, due to the non additivity of passive state energy for the different system
Hamiltonians, one can generate Vidal′s monotones which would give the optimal probability for pure
entangled state transformation. This measure also quantifies the ergotropic gap which is employed to
distinguish some specific classes of three-qubit pure entangled states.
I. INTRODUCTION
Work is the most fundamental observable in stand-
ard thermodynamics. The ’second law of thermodynamics’
rules how much maximum work one is able to extract
from a thermodynamic system in a cyclic process. Gen-
erally, work is quantified by the free energy F = U− TS,
where U, S, T are respectively the internal energy, en-
tropy and the corresponding bath temperature [1]. Com-
paring states on the basis of work extraction through
a bath assisted thermodynamical process is completely
equivalent with the free energy comparison and this
feature is also exhibited by quantum systems in the
asymptotic limit [2, 3]. Considering work extraction
from closed systems, if we make this comparison only
between equal energetic (EE) states, then it solely de-
pends on their entropy. The higher entropic states have
less work content and vice versa[4, 5]. Axiomatic ther-
modynamics says that A→ B transformation is possible
adiabatically, if and only if S(A) ≤ S(B) [6]. The thermo-
dynamical process also induces an order in the extract-
able work i.e., W(A) ≥W(B). But for the finite quantum
systems, since all the axioms are not satisfied there exist
states which are not inter convertible adiabatically[7–
9]. The same problem has been encountered independ-
ently in several other resource theoretic frameworks [10–
14]. As an example there exist bi-partite pure entangled
states which are not convertible from each other under
Local operation and classical communication (LOCC)
[15, 16]. Moreover, in the asymptotic limit of entangle-
ment theory this convertibility directed by the marginal
entropy of the given states[14, 17], whereas in the finite
copy, convertibility would hold only when there exists
∗ aliphy80@gmail.com
majorization criterion among the marginals. This leads
to the existence of many independent monotones simul-
taneously, that converge to the entropy in the asymptotic
limit.
In this article, we have studied the similar kind of fi-
nite copy inconsistency in thermodynamic domain along
with the characterization of a class of states, for which
the inconsistency can be removed. Precisely, we have
introduced an operation on the finite particle regime,
namely energy preserving operation (EPO) which is very
similar to the isothermal process in the thermodynamic
limit. Alike the role of entropy under this isothermal
process to direct the state transformation, majorization
is an indicator for EPO. More formally, we have shown
that if two same energetic state (A and B) are one way
convertible under EPO (A → B), then A is majorized
by B necessarily. On the other hand, if the conversion
between two EE state is not possible under EPO in either
direction, then the order of extractable work for these
two states has no relation with their entropy. Here, we
consider resource theoretic approach where the majoriz-
ation becomes the sufficient criterion for state convertib-
ility under any EPO. The equivalence relation between
the order of entropy and the order of work exists for
states which obey majorization. In this article we have
shown that entropy and ergotropy (maximum extract-
able work under unitary operation [4]) become inde-
pendent monotones under the EPO. This implies that
entropy is neither necessary nor sufficient condition for
extractable work from a closed system. Single shot work
extraction[11, 18] from a state ρ under a fixed temper-
ature bath is defined as WS = 1βDmin(ρω ‖ τβ) (ρω is
dephased ρ in energy basis), which is another independ-
ent monotone.
For a given state ρ, the lowest energetic state with the
same spectrum is called passive state, represented by
ρp. We have shown that just like the entropy, passive
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state energy also is a concave function. For the EE states,
ergotropy and passive state energy become proportional
(in the absolute sense). On the other hand, any concave
function which remains invariant under unitary can be a
monotone under LOCC [19]. Entropy is a good measure
of entanglement for pure bipartite states since it gives
the rate of distillation under LOCC in the asymptotic
limit. Due to its additivity property it is not able to
provide optimal probability of state transformation for
the finite copies. However, very recently quantum en-
tanglement has been investigated using non additive
entropies [20, 21]. In this paper, we have established
the passive state energy of the marginals as an entan-
glement monotone which is by nature a non-additive
quantity. It quantifies the collaborative advantage in
work extraction: suppose Alice and Bob shared a pure
entangled state where they can act a suitable unitary
jointly or locally to extract maximum work. It is obvi-
ous that one can get more work due to the joint unitary
action. This extra gain is the collaborative advantage
and is called ergotropic gap[22, 23]. From this perspect-
ive, we can call passive state energy as a thermodynamic
measure of entanglement. In addition, it generates Vidal’s
entanglement monotones [16] under different system
Hamiltonians and gives the optimal rate in finite copy
state transformation due to it’s non additive nature. A
convex hull representation is given for the mixed en-
tangled states which makes it a faithful measure and
eventually non-monogamous[24].
In our study, we have shown that passive energy is
equal with the ergotropic gap up to some proportional
factor, so we can consider it as an equivalent measure of
entanglement. For 2× 2× 2 systems we have shown that
entanglement between any cut A|BC is equal to the sum
of the ergotropic gap of AB and AC and can be extended
for higher dimension to give an upper bound on the
entanglement in a particular partition. Furthermore,
unlike GHZ, for W class of states help from the third
party (C) is not necessary to get collaborative advantage
and entanglement of A|BC is captured by A|B only.
We further use this thermodynamic measure to classify
some tripartite pure entangled states.
Through out this article, the spectrum of any given
state has been taken in non-increasing order, whereas
energy eigenvalues for the Hamiltonian are taken in
non-decreasing order.
II. FRAMEWORK
A. Work Extraction from a closed system
For a finite closed quantum system, the authors in
[4] have introduced an equivalent scheme of standard
adiabatic process, where the system is governed by ar-
bitrary unitaries, which implies that not only entropy
but rather the whole spectrum remains unchanged. Un-
der this process the maximum amount of extractable
work is called ergotropy defined by We(ρ) = Tr(ρHS)−
minU(t){U(t)ρU†(t)HS} = Tr(ρHS)− Tr(ρp HS), where
the governing Hamiltonian is HS =
d−1
∑
i=0
ei|ei〉〈ei|. Also
ρp =
d
∑
i=0
pi|ei〉〈ei|, where pi ≥ pi+1 if and only if
ei ≤ ei+1 [25–27] is the passive state corresponding to
ρ =
d
∑
i=0
pi|i〉〈i|. From the definition, there always exist
an equal entropic but lowest energetic state called Gibb’s
state, defined by τβ = e
−βHS
Z , (where Z = ∑i exp(−βei) is
the partition function) which may not be always achiev-
able from the initial state ρ by a unitary action since their
spectrum are not same. In the asymptotic limit it has
been shown that ρ⊗n → τ⊗nβ (n → ∞) transformation
is possible unitarily and maximum extractable work on
an average becomes equal to the thermodynamic work
Wth = Tr(ρHS) − Tr(τβHS) = E(ρ) − TS(ρ) + TlnZ.
This sets an upper limit on the ergotropic work We
[5]. The whole picture can be visualized by the simple
energy-entropy diagram 1 [28, 29].
Below we make a comparison of maximum extractable
work (ergotropy) from two closed systems on the basis of
their given information.
(i) States with unequal internal energy and entropy:
If ρ  σ and Tr(ρHs) > Tr(σHs) then it implies
We(ρ) > We(σ), otherwise we need to have the
complete information [30] about the states in order to
make an appropriate comment about the maximum
extractable work.
(ii) States with unequal internal energy but same entropy:
According to standard thermodynamics, equal entropic
higher energetic states always have more free energy
and so give more work. But in the finite limit, closed
systems change unitarily and comparison is not possible
unless they have the same spectrum. In such special
cases, transformation from higher to lower energetic
state gives positive work.
(iii) States having equal internal energy but different
entropy: Although in the thermodynamic limit, lower
entropy provides higher work but in the finite quantum
systems entropy cannot tell us anything about the
ergotropy. A sufficient criterion for ergotropy, i.e; if
ρ  σ then We(ρ) ≥We(σ) has been given in [4].
Figure 1. Maximum extractable work from a finite closed sys-
tem ρ is given by We(ρ) = E(ρ)− E(ρp) = F(ρ)− F(ρp) which
is bounded by the Wth(ρ) = F(ρ)− F(τρβ ). In the asymptotic
limit, for the EE states ρ and σ, lower entropy is always a
better resource for work extraction but for the finite copy if
the majorization condition holds then only we can make the
above claim.
B. Work extraction in the presence of bath:
Work extraction from a finite quantum system in the
presence of a bath has been discussed in statistical as
well as resource theoretical approach [3, 11, 12, 18]. Al-
though in the asymptotic limit it becomes consistent
with the classical results and is quantified by the free
energy[2], in the finite limit it becomes less and 0-free
energy(α = 0) is the quantifier of single shot work extrac-
tion. Let us consider a state ρ with the corresponding
bath of inverse temperature β = 1kT . Bath particles
having the Gibbsian form called thermal states are
defined by τβ = e
−βHB
Z , with the governing Hamiltonian
HB = ∑
i
ei|ei〉〈ei| and the corresponding partition func-
tion Z = ∑i exp(−βei). All other states are considered
as athermal and in the asymptotic limit a more resource-
ful (in terms of free energy) to less resourceful state trans-
formation is possible by the thermal operation. In the fi-
nite limit, infinitely many free energies Fα for 0 ≤ α ≤ ∞
are necessary to direct state transformation, and among
them WS(ρω) = F0(ρ) − F0(τβ) = 1βD0(ρω ‖ τβ) (de-
picted in the figure 2) quantifies the maximum extract-
able work deterministically (single shot work extraction),
where ρω = ∑E ΠEρΠE is the dephased ρ in energy ei-
gen basis, D0(ρω ‖ τβ) := − log Tr(Πρωτβ) where Πρω
is the the projector onto the support of ρω .
C. Energy Preserving Operation (EPO)
Recently energy preserving paradigm has been intro-
duced in [31], in the context of zero energy cost quantum
operations, which we briefly discuss. Since the main
aim is to preserve the energy of the system, we are not
bound to the energy conserving unitaries only. Rather
the system can interact with the environment through
some interaction Hamiltonian Hint(t) for t1 ≤ t ≤ t2
such that through out the process, energy remains con-
stant. The system and the environment (governed by
HE) together evolve as a closed system under the corres-
ponding unitary
U(t) = −→exp{− i
h¯
∫ t2
t1
[HS + HE + Hint(t)]dt}, (1)
Since we want to implement this process in the ther-
modynamic paradigm, energy of the closed joint system
should be conserved i.e;
[U, HS + HE] = 0, (2)
which in turn implies,
[Hint, HS + HE] = 0. (3)
It means that although some external field is applied for
making interaction between the system and the environ-
ment, total work done by the field is always zero.
In our scenario [U, HS] = 0 since the energy of the sys-
tem has to be conserved. As a consequence of the joint
(Eq.2) as well as system energy conservation, the energy
of the environment remains unchanged i.e., [U, HE] = 0.
Let the system and environment be initially uncorrelated
which under the energy conserving map evolves to
Λ(ρS) = TrE[U(ρS ⊗ ρE)U†] =∑
k
MkρS M†k . (4)
The Kraus operators Mk’s have been shown [31] to
commute with HS i.e;
[Mk, HS] = 0, (5)
which implies that they should be diagonal or Bloch
diagonal in the energy basis.
D. Majorization relation
Definition: A state ρ majorizes a state σ i.e. ρ  σ if,
k
∑
i=1
p↓i ≥
k
∑
i=1
q↓i (1 ≤ k ≤ n− 1) (6)
and
n
∑
i=1
p↓i =
n
∑
i=1
q↓i , (7)
where {p↓i }ni=1 ∈ Rn and {q↓i }ni=1 ∈ Rn are the spectrum
of ρ and σ respectively, arranged in non-increasing order.
In case of different dimension some extra zeros are ad-
ded for completion of the above condition. Majorization
criterion has great implication in state transformation
in various resource theories [10, 13, 15]. If ρ  σ then
it implies that S(ρ) ≤ S(σ) (but not the reverse) and
ρ→ σ transition is possible under noisy evolution[10].
III. RESOURCE THEORY OF ERGOTROPY
In the basic structure of a resource theory, one typic-
ally considers free states and free operations. A state
is called free if it cannot be transformed to a resource
via any free operation of the theory. The free operations
are those which cannot produce a more resourceful state
from a given state. This also means that it takes free state
to a free state only. In our resource theory, the class of
free operations are nothing but the EPO. Since they are
incoherent operations in energy eigenbasis, they would
always map a diagonal state (in energy eigenbasis) to
a diagonal state. So the first condition of a free state
here is that it must be diagonal in energy eigenbasis.
Given a quantum system with the Hilbert space HS and
Hamiltonian HS, the allowed free operations are the
completely positive and trace preserving (CPTP) maps
ΛEPO : D(HS )→ D(HS ) of the form
ΛEPO(ρS) = TrE(USE(ρS ⊗ τβE )U†SE), (8)
where, τβE = e
−βHE /tr(e−βHE), β := 1/kT,−∞ ≤ β ≤
∞. The τβS ’s are the free states because it has been proved
in Theorem (A) that ΛEPO(τ
β
S ) = τ
β
S where τ
β
S ’s are the
constant energetic maximum entropic states associated
with HS. In the special case of a non-degenerate two-
level system an inverse temperature (β) can be assigned
to any density matrix commuting with the Hamilto-
nian. In the case of EPO map the energy of the closed
system (SE), system(S), and environment(E) are con-
served which implies [USE, HS + HE] = 0, [USE, HS] = 0
and [USE, HE] = 0. The states with β ≥ 0 are the Gibb’s
states (equilibrium) for which temperature (T) is defined
as a property of the system whereas β < 0 denotes pop-
ulation inversion states. Similar kind of description has
been given in [2, 32]. Apart from global energy preser-
vation, the system’s energy also needs to be conserved
which makes EPO a subclass of thermal operations (TO).
Under TO, free energy of the system always decreases
and the Gibbs state is free for being lowest free-energetic
state at a given temperature T. So free energy is also
a monotone under EPO since EPO ⊆ TO. As the EPO
keeps the energy constant, monotonicity of free energy
implies monotonicity of entropy. So under our resource
theory, the space of free states has been extended from
Gibb’s states (0 ≤ β ≤ ∞) to all τβ(−∞ ≤ β ≤ ∞)
since they are the lowest free-energetic (highest entropic)
states.
By definition EPO is a unital map since it preserves
identity operator i.e.
ΛEPO(
I
d
) =
I
d
.
The state transformation under the unital map can be
necessarily and sufficiently characterized by the major-
ization criterion [33] as,
ρ −→ σ i f f ρ  σ. (9)
So if E(ρ) = E(σ) and there exists ΛEPO, such that
ΛEPO(ρ) = σ, then ρ  σ. However, it is not true in the
other way round, i.e., if ρ  σ and E(ρ) = E(σ) it does
not necessarily guarantee the existence of an EPO, such
that ΛEPO(ρ) = σ.
It is also known that ρ  σ implies Sα(ρ) ≤ Sα(σ),
where Sα(ρ) = 11−α log Tr(ρ
α) for α ∈ (0, 1) ∪ (1,∞) are
the Renyi entropies. For α = 1 it becomes Von Neu-
mann entropy S(ρ) = limα→1 Sα(ρ) and other two ex-
treme entropies are S0 = limα→0 Sα(ρ) = log rank(ρ)
and S∞ = limα→∞ Sα(ρ) = − logλmax, where λmax is
the maximum eigenvalue for the corresponding state.
Under EPO map all Renyi entropies are monotones.
Searching for other monotones, it turns out that the
energy of the corresponding passive states also increases
under EPO (shown in B)
ρ  σ =⇒ E(ρp) ≤ E(σp) (10)
Since E(ρ) = E(σ), Eq.(10) implies that We(ρ) ≥We(σ).
So ergotropy turns out to be an independent (of entropy)
monotone under the free operation EPO. When the
states cannot be transformed into each other under EPO
or are incomparable under majorization, then entropy
is unable to provide the hierarchy on ergotropy unlike
in the asymptotic limit, i.e., there exist higher entropic
states having higher ergotropy.
On the other hand, quantum renyi divergence [34]
defined by Dα =
sgn(α)
α−1 log Tr(ρ
ασ1−α), is contractive
under any CPTP maps for the ranges of α ∈ [0, 2], i.e;
Dα(ρ ‖ ρF) ≥ Dα(Λ(ρ) ‖ Λ(ρF)). Eventually Dα would
be a monotone under EPO i.e; Dα(ρ ‖ τβ) ≥ Dα(Λ(ρ) ‖
τβ). For the diagonal states D0 quantifies single shot
extractable work under the assistance of arbitrary bath
β which decreases under EPO i.e.,
ρ→ σ =⇒ WS(ρ) = 1βD0(ρ ‖ τ
β)
≥WS(σ) = 1βD0(σ ‖ τ
β).
It leads to the same conclusion as given Eq.(10) above
for the single shot work WS and entropy when the
convertibility between the two states is not possible
under EPO. Below we provide examples for these two
different situations.
Example1: Order of ergotropy and entropy
Let ρ ≡ (0.15, 0.7, 0.15) and σ ≡ (0.49, 0.02, 0.49) such
that ρ ⊀ σ (ρ and σ do not majorize each other), and
the corresponding Hamiltonian is H ≡ (−1, 0, 1). Then
S(ρ) = 1.18129 > S(σ) = 1.12144
We(ρ) = 0.55 > We(σ) = 0.47.
Example2: Order of single shot work and entropy
Let ρ ≡ (0.275, 0.55, 0.125, 0.05) and σ ≡
(0.35, 0.35, 0.3, 0) such that ρ ⊀ σ, and H ≡ (0, 1, 2, 3).
Which gives
S(ρ) = 1.57766 < S(σ) = 1.58129
WS(ρ) = 0 < WS(σ) =
1
β
log(1+
e−2β
1+ e−β
). (11)
Although in standard thermodynamics, the state trans-
formations are governed by a single free energy, in finite
quantum systems it is done by a series of α-free energies
[11]. Since we have considered the state transformations
between EE states, the role of α-free energies is played
by the α-Renyi entropies. In thermodynamics, the ex-
pansion of an ideal gas under an isothermal process
produces some work due to the intake of heat from the
environment. This causes the system to move towards
the higher entropic states according to the second law of
thermodynamics. However, in the finite quantum scen-
ario, the system’s entropy increases under EPO because
although system and environment start in a product
state, they become correlated though the interaction.
This observation once again shows us the strong con-
nection between informational and thermodynamical
entropy.
IV. PASSIVE STATE ENERGY AS AN ENTANGLEMENT
MEASURE
A. Entanglement measure
Consider a pure state |ψ〉AB and its marginal ρA.
Define a real function f : D(HdA)→ R, by
f (ρA) = E(ψAB) (12)
then E is said to be an entanglement measure for pure
bipartite states if the function f satisfies the following
two conditions [19],
(i) Unitary invariant: It should be invariant under
the unitary transformation of the density operator
Figure 2. Independence of work and entropy on the finite EE states:
Let ρ→ σ under EPO (i.e., ρ  σ). Then S(ρ) ≤ S(σ) and the
order on the maximum extractable work under unitary as well
as thermal operations is We(ρ) ≥ We(σ) and WS(ρ) ≥ WS(σ)
respectively, like in the asymptotic limit. But if the two finite
EE states are not connected by EPO then the extractable work
and entropy becomes completely independent since entropy(S),
ergotropy (We), single shot extractable work (WS) all are inde-
pendent monotones under this operation.
ρ ∈ D(Hd) i.e., f (ρ) = f (UρU†).
(ii) Concavity: It must be concave
f (∑
i
λiρi) ≥∑
i
λi f (ρi),
where ∑i λi = 1 and λi ≥ 0.
In this work we have shown (in C 2) that passive state
energy satisfies the above criterion and acts as an entan-
glement monotone. This is just another entanglement
monotone like entropy which is very much related with
thermodynamics. Here entanglement of state ψAB is
defined as
E(ψAB) = E(ρpA) = Tr(ρ
p
A HA), (13)
where ρpA is the passive state corresponding to ρA =
TrB{|ψ〉AB〈ψ|} governed by the Hamiltonian HA. For an
arbitrary mixed state ρAB = ∑i pi|ψi〉〈ψi|, this measure
is defined by the convex hull representation
E(ρAB) = min{pi ,ψi}∑
i
piE(ψi). (14)
Due to the monotonicity of passive state energy, de-
terministic state transformation ψAB → φAB under
LOCC always implies E(ρpA(ψ)) ≥ E(ρ
p
A(φ)). But it
has an important implication in achieving the optimal
rate in the finite copy non-deterministic state transforma-
tions. If ψ −→ φ transformation is possible with optimal
probability pψ→φ then for any entanglement measure,
E(ψ) ≥ pψ→φE(φ) relation must be satisfied. So the
optimal probability can be defined by the minimization
over all possible kinds of entanglement measures
pψ→φ ≤ minE{1, E(ψ)E(φ) }. (15)
For a state having n number of Schmidt coefficients,
one can sufficiently characterize optimal probability rate
for state transformation under LOCC with n number of
entanglement monotones. These monotones are defined
as Ek(ψ) = ∑ni=k λi, where λ
′
is are the Schmidt coeffi-
cients in decreasing order and the probability is given
by,
pψ→φ = min
Ek
Ek(ψ)
Ek(φ)
. (16)
Passive state energies are nothing but the function
of Schmidt coefficients and they matches exactly with
the Ek’s under different system Hamiltonians. If the
system governed by the Hamiltonian Hk = Θk−1i=1 ⊕ Ini=k
then the marginal passive state energy E(ρpA) would be
equal with the Ek. So, passive state energy has a direct
application in finding the optimal probability for finite
copy state transformation under LOCC.
Passive state energy is not only a function of the spec-
trum but also of the energy eigenvalues. That is why its
value varies with the Hamiltonian. Note that whenever
we compare the entanglement between two different
states, their Hamiltonians must be same. In case of
comparing entanglement between states having differ-
ent number (m > n) of copies, extra (|00〉〈00|)⊗(m−n)
should be appended with the state such that marginals
of both the states are governed by the same Hamiltonian,
while keeping the spectrum unchanged.
Since the energy of a passive state is a non-additive
quantity so is the corresponding entanglement measure.
Suppose, ψAB is a bipartite entangled state governed
by the Hamiltonian HAB = HA ⊗ IB + IA ⊗ HB. Its
entanglement is quantified by the marginal’s passive
state energy E1(ψ) = E(ρpA) = Tr{ρ
p
A HA} (where the
superscript 1 denotes the number of copies), whereas for
multiple copies of ψAB its value would not be additive.
In general for (ψAB)⊗2 where the marginal state is ρA ⊗
ρA governed by the Hamiltonian HAA = HA ⊗ IA +
IA ⊗ HA, the entanglement of the state on an average is
defined by
E2(ψ) = 1
2
E(ρpA
⊗2
) =
1
2
Tr{(ρpA)⊗2HAA} ≤ E1(ψ).
It is a strict inequality except for the case D(C2 ×
Cd) or for some special degenerate Hamiltonian. In
the asymptotic limit, passive states become the same
entropic thermal states (τβ, β ≥ 0) and entanglement is
defined by the regularized version of Eq.(13) as
E∞(ψ) = E(τβ) = Tr(τβHA) = limn→∞[
1
n
Tr{(ρpA)⊗nHA...A}].
(17)
It can be easily shown that energy of the thermal state
τβ is related with its entropy in the following way
E(τβ) =
1
β
{S(τβ)− lnZ}. (18)
Since the thermal state and the marginal have same
entropy then E∞(ψ) = 1β{S(ρA)− lnZ}.
Finite copy state transformation is not reversible (ex-
cept for the LU invariant states) but in the asymp-
totic limit it is possible at least for the pure states.
Let ψ⊗m  φ⊗n by LOCC, then the amount of en-
tanglement given by additive/non-additive measure
would be same on both sides. Generally m and n are
very large and their values are chosen such that the
marginals((ρψA)
⊗m/(ρφA)
⊗n) have equivalent spectrum.
If m > n, then to compare their entanglement we need
to append (m− n) number of |00〉AB states such that the
spectrum of (ρφA)
⊗n is unchanged and the Hamiltonians
on both sides become same. As a consequence, their
passive state energy or entanglement becomes equal i.e.,
Em(ψ) = En(φ).
B. Physical interpretation of our measure
A measure becomes more relevant when a task can
be associated with it. For example, entanglement of
distillation [17] quantifies how many Bell states one can
distill from the given entangled state in the asymptotic
limit by LOCC, whereas entanglement of formation[35]
quantifies the cost of creating the desired entangled state
from the Bell state. Logarithmic negativity gives the
upper bound on distillable entanglement[36]. Relative
entropy is also a useful measure of entanglement which
is a monotone under all non-entangling operations[37].
Passive state energy as an entanglement measure
has an important physical interpretation in the context
of thermodynamics. Suppose Alice and Bob shared
a pure entangled state. They can extract work from
it individually or jointly via a unitary process. Since
UA ⊗UB ⊆ UAB, collaboration is always useful in work
extraction and the extra advantage (ergotropic gap) is
coming due to the entanglement between them [22]. Be-
low we will show that the average ergotropic gap is
equal to the passive state energy of the marginal.
For maximal work extraction from a closed system via
a unitary, the system should reach to the same spectral
but minimum energetic state (passive state). Maximum
extractable work obtained locally by Alice and Bob is
defined by
We(A) +We(B)
= Tr(ρAHA)− Tr(ρpA HA) + Tr(ρB HB)− Tr(ρ
p
BHB)
where ρA = TrB(|ψ〉AB〈ψ|) and ρB = TrA(|ψ〉AB〈ψ|)
are the marginals of Alice and Bob respectively while
|ψ〉AB is the pure entangled state shared between them.
From |ψ〉AB one can reach |00〉AB to extract maximum
global work
We(AB) = Tr(|ψ〉AB〈ψ|HAB) (19)
where |00〉AB is the zero energetic eigenstate of HAB. So
the ergotropic gap in general is defined as
∆EG(ψAB) = Tr(ρ
p
A HA) + Tr(ρ
p
BHB). (20)
Since the shared state is pure entangled, the marginals
have same spectrum and if their Hamiltonians are given
by HA =
dA−1
∑
i=1
ei|ei〉〈ei| and HB =
dB−1
∑
i=1
ei|ei〉〈ei|, then
their passive state energy should be equal i.e.
∆EG = 2Tr(ρpAHA) = 2E(ρ
p
A). (21)
Since the passive state energy quantifies the average
work gain in collaboration, we would call it a thermody-
namic measure of entanglement. Alternatively, ergotropic
gap can be considered as an entanglement measure since
it is proportional to the passive state energy. For the
mixed state thermodynamic measure of entanglement
is given by Eq.[14]. However unlike the pure case it
is not equivalent to the ergotropic gap or passive state
energy of the given mixed state. Their exist classically
correlated states whose ergotropic gap is non zero.
C. Faithfulness and Monogamous
An entanglement measure is called faithful if and only
if its value becomes zero for all separable states, i.e.,
E(ρAB) = 0 i f f ρAB ∈ SEP.
Entanglement of formation and negativity are ex-
ample of this kind. Monogamy is a fundamental prop-
erty of quantum states just like no cloning, superposition
etc. In the classical regime, party A can be maximally
correlated with parties B and C simultaneously, which
is not allowed in the quantum domain due to its in-
herent mathematical structure. If two parties share a
pure entangled state then any third party would be
completely uncorrelated with them. Generally if we
consider a three-party entangled state ρABC, then the
sum of entanglements A vs. B and A vs. C is always
upper bounded by the entanglement of A vs. BC. If an
entanglement measure shows this trait then it is said to
be monogamous
E(ρA|BC) ≥ E(ρA|B) + E(ρA|C), (22)
where E(ρX|Y) quantifies the entanglement of X vs. Y.
For example entanglement of distillation and squashed
entanglement [38] are monogamous measures.
Winter et.al. have defined monogamy in a more gen-
eral way and shown that a measure cannot be faithful
and monogamous simultaneously [24]. An entangle-
ment measure E is called monogamous if there exists a
nontrivial function f : R≥0 ×R≥0 → R≥0 such that the
generalized monogamy relation
E(ρA|BC) ≥ f (E(ρA|B), E(ρA|C)), (23)
is satisfied for any state ρABC ∈ D(HA ⊗HB ⊗HC). Ac-
cording to this definition, not only our thermodynamic
measure, but also many other important measures like
Concurrence loose their generalized monogamy (Eq.23)
since they are faithful. It is however well-known that con-
currence does not follow Eq.(22) but its square follows
this for 2× 2× 2 systems [39]. A physically motivated
but weaker monogamous criterion has been given in
[40–42] which states that an entanglement measure E is
monogamous if for any ρABC ∈ D(HA ⊗HB ⊗HC) that
satisfies,
E(ρA|BC) = E(ρA|B) (24)
then E(ρA|C) = 0.
The above definition led to a more quantitative rela-
tion which is similar to Eq. (22). Let E be a continuous
measure of entanglement. Then, E is monogamous ac-
cording to Eq. (24) if and only if there exist 0 < γ < ∞
such that
Eγ(ρA|BC) ≥ Eγ(ρA|B) + Eγ(ρA|C). (25)
for all ρABC ∈ D(HA ⊗ HB ⊗ HC) with fixed dim
HABC = d < ∞. Although every entanglement mono-
tone does not satisfy Eq.(23) but for fixed dimension
there always exists a γ for which Eq.(25) is satisfied.
Our entanglement measure shows the second kind of
monogamy and there exists an γ for which ergotropic
gap should follow Eq.(25) for a certain dimension.
For mixed states our thermodynamic measure is rep-
resented by convex hull given by Eq.(14) where minim-
ization is over all pure state decompositions of the given
state. Finding analytical solution is not easy even for
lower dimension. But one can obtain some numerical es-
timate for the value of γ by semi definite programming.
However since this is not the focus of the present paper,
we leave it as an open problem for the future. But for
curiosity we investigate what kind of relation exists for
arbitrary dimensional multipartite systems if we take
γ = 1.
Let |ψ〉ABC be a three qubit entangled state where
each qubit is governed by the Hamiltonian Hi = |1〉〈1|.
Then its entanglement in any bi-partite cut is given by
∆EGA|BC(ψ) = ∆
EG
A|B(ρAB) + ∆
EG
A|C(ρAC). (26)
Note that on the R.H.S. ∆EGX|Y(ρXY) is not an entangle-
ment measure but rather just the ergotropic gap of sys-
tem ρXY. It also tells us that for fixed entanglement
between A|BC, there always exists a trade off in ergo-
tropic gap for the system AB and AC. In the extreme
case, if the joint state for any pair (e.g. AC) is passive
then the presence of C is not necessary to get the col-
laborative advantage. For the GHZ class this feature
can never be seen since all bipartite marginals have non
zero ergotropic gap. But there exists W class for which
only one of the bipartite marginals can be passive. For
example the state
|ψ〉ABC =
√
λ1|001〉+
√
λ2|010〉+
√
λ3|100〉
has bipartite marginals
ρAB = λ1|00〉〈00|+ (λ2 + λ3)|φ〉〈φ|
ρAC = λ2|00〉〈00|+ (λ1 + λ3)|η〉〈η|
ρBC = λ3|00〉〈00|+ (λ1 + λ2)|χ〉〈χ| (27)
where
|φ〉 =
√
λ2
λ2 + λ3
|01〉+
√
λ3
λ2 + λ3
|10〉
|η〉 =
√
λ1
λ1 + λ3
|01〉+
√
λ3
λ1 + λ3
|10〉
|χ〉 =
√
λ1
λ1 + λ2
|01〉+
√
λ2
λ1 + λ2
|10〉. (28)
Here if any one of the λi is greater or equal to 12 then
there would exist one passive state and the correspond-
ing ergotropic gap would be zero. Suppose λ2 ≥ 12 then
∆EGA|C(ρAC) = 0 and according to Eq.(26) entanglement
between A|BC would be equal to the ergotropic gap
of AB i.e., ∆A|BCEG (ψ) = ∆EG(ρ
AB). We have discussed
above a particularly simple system but Eq.(26) can be
generalized for arbitrary dimensional tripartite pure sys-
tems, where it can be easily proved that entanglement
between any bipartite cut is upper bounded by the sum
of ergotropic gap of those individuals as shown in the
D.
D. Three qubit state classification
We know that for the three qubit pure state, there
exist six classes (under SLOCC) among which two are
genuinely entangled, three are bi-separable and one
is product[43]. Except the genuine classes, distinction
among all the rest can be made via local entropies. These
two classes namely GHZ and W can be distinguished by
a measure called tangle which gives non zero value only
for the former [39]. We shall approach this classification
from the thermodynamic perspective. Since the ergo-
tropic gap is a good measure for bipartite pure entangled
states, it can shed some light on the above problem. We
have considered the GHZ, W and bi-separable states of
the following kind
|ψ〉GHZ =
√
λmax|ψ1〉|ψ2〉|ψ3〉
+ eiφ
√
λmin|ψ1〉⊥|ψ2〉⊥|ψ3〉⊥
|ψ〉W =
√
λ1|ψ1〉|ψ2〉|ψ3〉⊥ + eiφ1
√
λ2|ψ1〉|ψ2〉⊥|ψ3〉
+ eiφ2
√
λ3|ψ1〉⊥|ψ2〉|ψ3〉
|ψ〉AB ⊗ |φ〉C =(√pmin|ψ1〉|φ1〉+√pmax|ψ1〉⊥|φ1〉⊥)AB
⊗ |φ〉C
where λ1 ≥ λ2 ≥ λ3.
In the table below, we make the distinction among
various classes using ergotropic gap between one party
vs. the rest (∆EGX|YZ), calculated via Eq.(20).
Class ∆EGA|BC ∆
EG
B|AC ∆
EG
C|AB
|ψ〉GHZ 2λmin 2λmin 2λmin
|ψ〉W(λ1 ≥ 12 ) 2λ3 2λ2 2(λ2 + λ3)
|ψ〉W(λ1 ≤ 12 ) 2λ3 2λ2 2λ1|ψ〉AB ⊗ |φ〉C 2pmin 2pmin 0
|ψ〉AC ⊗ |φ〉B 2pmin 0 2pmin
|φ〉A ⊗ |ψ〉BC 0 2pmin 2pmin
|ψ〉A ⊗ |ψ〉B ⊗ |ψ〉C 0 0 0
Note that as expected, our thermodynamic measure
gives equal value for all bipartite cuts of the given GHZ
class since they have equal entanglement. On the other
hand, for the W class (except λ1 = λ2 = λ3 = 13 )
all bipartite cuts give different values. For this state
it gives the same value as the GHZ state |ψ〉GHZ =√
2
3 |ψ1〉|ψ2〉|ψ3〉+
√
1
3 |ψ1〉⊥|ψ2〉⊥|ψ3〉⊥ and hence they
cannot be distinguished. One way to facilitate the dis-
tinction is to first dephase them in their own basis and
then calculate the extractable work difference between
the global and individual local states. The dephased W
and GHZ states are of the following form
ρw =
1
3
|ψ1ψ2ψ⊥3 〉〈ψ1ψ2ψ⊥3 |
+
1
3
|ψ1ψ⊥2 ψ3〉〈ψ1ψ⊥2 ψ3|+
1
3
|ψ⊥1 ψ2ψ3〉〈ψ⊥1 ψ2ψ3|
ρghz =
2
3
|ψ1ψ2ψ3〉〈ψ1ψ2ψ3|+ 13 |ψ
⊥
1 ψ
⊥
2 ψ
⊥
3 〉〈ψ⊥1 ψ⊥2 ψ⊥3 |.
And the work difference is defined by
∆EGA|B|C = Tr(ρ
A
p HA)+Tr(ρ
B
p HB)+Tr(ρ
C
p HC)−Tr(ρp HABC).
For the dephased W state this value is ∆EGA|B|C(ρw) =
1
3
where as for the dephased GHZ state, ∆EGA|B|C(ρghz) =
2
3 .
The above analysis can be extended to distinguish the
GHZ and Dicke class of states (generalization of Eq.(29))
in the multipartite setting.
V. CONCLUSION
In this article, it has been elaborately shown that for
the finite EE quantum states, ordering between them on
the basis of extractable work is completely independent
with the order on entropy. To illustrate this, a resource
theoretic framework is employed, where EPO has been
taken as the free operation. If a state is convertible to
another state by the free operation, then entropy and ex-
tractable work become equivalent like in the asymptotic
limit. Here majorization naturally turns out to be a suf-
ficient criterion for the convertibility (one way) between
two states under EPO. Eventually entropy, ergotropy,
single shot work under bath all become independent
monotones of EPO. This also means that violation of
this criterion make two states incomparable under EPO,
thereby rendering the ordering of work and entropy
completely independent. When a system moves under
EPO, it’s entropy (work content) eventually increases
(decreases) because of the correlations that build up with
the external environment. The additional constraint of
conservation of system energy makes our resource the-
ory a special case of resource theory of athermality. If we
consider degenerate Hamiltonian, our resource theory
leads to the resource theory of purity. That’s why just
like the α free energies, here Renyi entropies characterize
infinite second laws.
In the second part, we have shown that passive state
energy is a good entanglement measure for the pure bi-
partite states since it is a concave function and invariant
under unitary. It is non additive, a feature that makes it
possible to generate Vidal’s monotones which character-
izes the optimal rate on entangled state transformation
under LOCC. The passive state energy characterizes
the ergotropic gap for the pure entangled states which
makes it a thermodynamic measure of entanglement
independent of entropy. Since it is proportional with
the ergotropic gap, one can give it the same status. We
further generalized this measure for the bipartite mixed
states via the convex hull extension. Due to faithfulness,
it loses it’s monogamous nature and for what value of
γ it shows dimension dependent monogamy is left as
an open problem. For the special case γ = 1, the entan-
glement between any cut is bounded by the sum of the
ergotropic gap of corresponding individuals for pure
tripartite states. We have further shown that just like
entropy, the ergotropic gap can be useful to distinguish
the three qubit pure entangled states of special kinds.
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Appendix A: Free states
Definition of a free state:
Under a free operation states ρF would be called free if their presence does not increase the resource R of a given
system ρS and the operation on free state remains free i.e.,
(i) Λ(ρS) = σS = TrF{USF(ρS ⊗ ρF)U†SF} =⇒ R(ρS) ≥ R(σS).
(ii) Λ(ρF) = σF
Theorem: The states τβE = e
−βHE /tr(e−βHE ) are the free states under the free operation EPO, where β ∈ [−∞,+∞] .
Proof: We have considered EPO is a free operation which itself is a restricted thermal operation. Since it is an
unital map and sufficiently characterized by the majorization criterion, entropy would increase as the system evolves.
So the free states would have highest entropy. In this resource theory, we have considered system and ancilla (free
states) in uncorrelated state and forms a closed system which evolves under the energy preserving unitary such that
S(ρS ⊗ ρF) = S{U(ρS ⊗ ρF)U†}
Since after evolution system and free state get correlated they possess non zero mutual information which implies,
S(ρS) + S(ρF) ≤ S(σS) + S(ρ′F)
Since we have considered cyclic process we want at least same purity back for the ancillary system after operation
i.e., S(ρF) = S(ρ′F), which leads to
S(ρS) ≤ S(σS). (A1)
Now if we consider ρF instead of ρS in Eq.(A1), then σS = ρ′′F because this are the maximum entropic states. But
we know that for constant energy the state τβE = e
−βHE /tr(e−βHE) has the maximum entropy. Positive β’s are the
thermal state and considered as free in resource theory of athermal states whereas in this resource theory we take
−∞ ≤ β ≤ ∞ since all the β has different energy.
Appendix B: Passive state energy is a monotonic function under EPO
We need to show that passive state energy of a given system increases as it evolves under EPO. Since the state
transformation under EPO is necessarily characterized by the majorization criterion, we need to prove that
ρ  σ =⇒ E(ρp) ≤ E(σp) (B1)
and this suffices to demand that, passive state energy is monotone under any unital map, i.e., under EPO.
Let state ρ ≡ (p1, p2, · · · , pn) and σ ≡ (q1, q2, · · · , qn) have spectrum in non-increasing order and extra zeros are
appended to make the dimensions equal. They are governed by the same marginal Hamiltonian H = ∑
i
ei|i〉〈i|,
ei ≤ ei+1. The corresponding passive energy is E(ρp) = ∑i piei and E(σp) = ∑i qiei, and their difference is
E(σp)− E(ρp) =∑
i
qiei −∑
i
piei
= −∑
i
(pi − qi)ei
= −(p1 − q1)e1 + (p1 − q1)e2 − (p1 + p2 − q1 − q2)e2 + (p1 + p2 − q1 − q2)e3
+ · · · −
k<n−1
∑
i=1
(pi − qi)ek +
k<n−1
∑
i=1
(pi − qi)ek+1 + · · · −
n−1
∑
i=1
(pi − qi)en−1 − (pn − qn)en
=
n−1
∑
j=1
j
∑
i=1
(pi − qi)(ej+1 − ej)
If
j
∑
i=1
(pi − qi) ≥ 0, ∀j ∈ [1, n− 1], which is nothing but the ρ  σ criterion, then E(ρp) ≤ E(σp).
Appendix C: Passive state
Schur-Horn theorem: Let d = {di}Ni=1 and λ = {λi}Ni=1 be vectors in RN such that their entries are in non-increasing
order. There is a Hermitian matrix with diagonal values {di}Ni=1 and eigenvalues {λi}Ni=1 if and only if
n
∑
i=1
di ≤
n
∑
i=1
λi n = 1, 2, . . . , N
and
N
∑
i=1
di =
N
∑
i=1
λi .
1. Passive state is the lowest energetic state which is diagonal in energy basis
Work extraction from a closed system ρ by a unitary operation does not change its spectrum. In the maximum
work extraction, the system moves to the lowest energetic state which is called passive state defined by ρp. With the
help of Schur-Horn theorem it can be shown that the passive state is diagonal in energy basis.
Let ρ has the spectrum λ ≡ {λi}Ni=1(arranged in non-increasing order), transform to the arbitrary state σ = UρU†
having diagonal element q ≡ {qi}Ni=1 (arranged in the non-increasing order) . Passive state ρp =
N
∑
i=1
λi|i〉〈i| and
the corresponding system Hamiltonian HS =
N
∑
i=1
ei|i〉〈i| where, ei ≤ ei+1. According to Schur-Horn theorem q ≺ λ
whereas using Eq.[B] we can say that Tr(σHS) ≥
N
∑
i=1
qiei ≥
N
∑
i=1
λiei. It proves that passive state, is the lowest energetic
state diagonal in energy basis.
2. Passive state energy is an entanglement measure
Definition: Let us define a real function f : D(HdA)→ R, by
f (ρA) = E(ψAB).
Then E is an entanglement measure if f satisfies [19] ;
(i) Unitary invariant: f (ρ) = f (UρU†).
(ii) Concavity: f (∑i λiρi) ≥ ∑i λi f (ρi), where ∑i λi = 1 and λi ≥ 0.
Since the spectrum remains invariant under the unitary action, the respective passive state an its energy would be
unique.
Here we first define Vidal’s entanglement monotones {Ek}nk=1 =
n
∑
i=k
pi where pi’s are the Schmidt number of
bi-partite state |ψ〉AB ∈ Cn ×Cm (n ≤ m) [16]. Consider that the state ρA ≡ (p1, p2, · · · , pn), which is a marginal
of |ψAB〉, majorizes σA ≡ (q1, q2, · · · , qn), marginal of |φAB〉 i.e., (ρA  σA) which implies Ek(ρA) ≤ Ek(σA) for all
k ∈ [1, n]. It follows that Ek’s are the Schur concave functions i.e.,
n∑
i=k
ti ≥ λ
n
∑
i=k
ri + (1− λ)
n
∑
i=k
si =
n
∑
i=k
xi
⇒
k−1
∑
i=1
ti ≤
k−1
∑
i=1
xi
⇒ t ≺ x
where τ = λτ1 + (1− λ)τ2, τ = {ti}ni=1, τ1 = {ri}ni=1 and τ2 = {si}ni=1.
From Eq.[B] and Eq.[C1],
n
∑
i=1
tiei ≥
n
∑
i=1
xiei
⇒
n
∑
i=1
tiei ≥ λ
n
∑
i=1
riei + (1− λ)
n
∑
i=1
siei
⇒Ep(τ) ≥ λEp(τ1) + (1− λ)Ep(τ2)
It shows that passive state energy is a concave function and hence acts as an entanglement measure. The above
concavity proof also follows straight forwardly from B but here we tried to show a connection between passive state
energy and Vidal’s monotones Ek’s.
Appendix D: ∆EGA|BC(ψ) ≤ ∆EGA|B(ρAB) + ∆EGA|C(ρAC)
For a tripartite pure state |ψ〉ABC, spectrum of any bipartite cut is always equal i.e., λ(ρA) = λ(ρBC). If we consider
the equal marginal Hamiltonian H = ∑i i|i〉〈i| for every party, then their corresponding passive state energy would
follow the order
E(ρpA) ≥ E(ρ
p
BC) (D1)
where the equality would hold for the 2× 2× 2 systems only.
Ergotropic gap of a bi-partite system ρXY is given by
∆EGX|Y(ρXY) = We(ρXY)−We(ρX)−We(ρY)
= E(ρpX) + E(ρ
p
Y)− E(ρ
p
XY)
where E(ρpXY) = 0 if ρXY becomes pure.
For pure tripartite systems, according to Eq.(20), entanglement between A|BC is given by ∆A|BCEG (ψ) = Tr(ρ
p
AHA) +
Tr(ρpBHB) which is not true for the mixed state. Now,
∆EGA|B(ρAB) + ∆
EG
A|C(ρAC)− ∆EGA|BC(ψABC) = E(ρ
p
A) + E(ρ
p
B)− E(ρpAB) + E(ρ
p
A) + E(ρ
p
C)− E(ρ
p
AC)− E(ρ
p
A)− E(ρ
p
BC)
= {E(ρpA)− E(ρ
p
BC)}+ {E(ρ
p
B)− E(ρpAC)}+ {E(ρ
p
C)− E(ρ
p
AB)} ≥ 0
⇒ ∆EGA|BC(ψABC) ≤ ∆EGA|B(ρAB) + ∆EGA|C(ρAC)
